In fact, all the sequences we examine will turn out to be good averaging for LP, p > 1; and even for L log L.
Introduction and Description of Results
Ergodic theory grew out of statistical mechanics, the statistical description of matter. This latter means, for example, that instead of describing the behavior of each individual water molecule in a cup of water, one is satisfied with finding the average speed, energy, etc. of the molecules. But then the fundamental question arises: how can we measure the average speed or energy?
It is clearly impossible to measure the speed of each individual molecule and then take the mean of the data. The ergodic theorem says that it is enough to select a single molecule and measure its speed in each second, and if we make enough measurements and take the average of the data, the number will be basically the average speed of all the molecules in the cup of water. This amazing theorem has one drawback: it requires that the measurements are taken exactly at every second. But in practice, the measurements might be made at, say, 1, 3, 4, 6, 11,.... seconds or, even worse, at 1.1, 2.4, 2.9, 4.3,... seconds instead of at 1, 2, 3, . . . seconds. Obviously, we would like to know whether we still can compute accurately the average speed from the measured data.
This question might have been the original motivation to examine the ergodic theorem along subsequences. Our work examines "good" sequences of times from a purely mathematical (arithmetical) point of view, but the Fourier analysis techniques usually find applications to more practical problems; for example, when the sequence of times at which we make the measurements are generated by some random process (for example, see refs. 1-3). for everyf E LP. For example, the individual ergodic theorem says that the sequence of natural numbers is L1-good.
We say that the sequence (an) is a universally good averaging sequence in the mean (or just mean-good) iff in every mpf the averages Mx(A, f) converge in L2 (and hence L1) norm.
Since in this paper we almost exclusively will be dealing with integer sequences, it is convenient to use the notation T for Tl. proved that A is LP-good for p > 1 (6) . For some other functions, such as a (x) = x.* logo x, it was proved that A is LP-good forp > 1 (6) . While a meaningful characterization of all a (x) for whichA is a good sequence for some LP is probably not possible, the problem seems to become treatable if certain additional conditions on a(x) (like lying in a Hardy field and growing no faster than polynomials) are imposed. In particular, under the above constrains on a (x), we have precise growth conditions on a (x) for the sequence A to be mean-good (TheoremA, below) and also some sufficient conditions ona(x)
forA to be L2-good for a.e. convergence (Theorem B, below).
In what follows we introduce the notion of a Hardy field, and we refer the reader to the ref. 7 The publication costs of this article were defrayed in part by page charge payment. This article must therefore be hereby marked "advertisement" in accordance with 18 U.S.C. §1734 solely to indicate this fact. (8) . The elements of L are those functions (germs) that are defined by a finite combination of the ordinary arithmetical symbols and the functional symbols log and exp operating on the variable x and on real constants. For example, x/log
The class U is in fact much larger than L: it is closed under differentiation and antidifferentiation and contains solutions of some differential (9) (10) (11) (12) (13) (14) , difference and functional (15) equations (such as r(x)).
Although the condition a(x) E U seems quite restrictive from the point of view of classical analysis, the class U is large enough to include many interesting functions (see the above paragraph). On the other hand, certain general results admit especially neat On the other hand, there are upper estimates on the growth of a(x) belonging to a Hardy fields for whichA = ([a(n)]) may be good. These are a(x) > & (for all a > 1) for the mean convergence and a(x) > ex/l°g0(x) (for all 13 < 1/2) for the pointwise convergence (follows from ref. 18) .
In this paper, we are examining the possibility of a result, similar to Theorem A, for As a consequence, the sequence ([a(n)]) is L2-good if a(x) is either of the functions x log logx, x2/log log log x, 2x2 + x5/2, jX3 + X2, log r (x).
While we do not have yet a satisfactory analogue of Theorem A, we believe the following conjecture is reasonable. CONJECTURE 1.4. Let a(x) E U be a subpolynomial that also satisfies la(x)/xl -> oo. Then Thus, the set K of real multiples of rational polynomial plays a special role in the above description of the set of a(x) for which ([a(n)]) is L2-good: either a (x) is very close to some k(x) E K (the difference is bounded), or it is at least xU away, for some or > 0, for all k(x) E K.
As a most interesting problem on Hardy fields, in relation with universally good (real) sequences, let us state the following conjecture. CONJECTURE 1.5. Let a(x) E U. Then the sequence (a(n)) is universally good for L2 iff a is a polynomial. 
